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Abstrat
We investigate monotone operator funtions of several variables
under a trae or a trae-like funtional. In partiular, we prove the
inequality τ(x1 · · · xn) ≤ τ(y1 · · · yn) for a trae τ on a C∗-algebra and
abelian n-tuples (x1, . . . , xn) ≤ (y1, . . . , yn) of positive elements. We
formulate and prove Jensen's inequality for expetation values, and
we study matrix funtions of several variables whih are onvex or
monotone with respet to the weak majorization for matries.
1 Preliminaries
The question of monotoniity of operator funtions under a trae or a trae-
like funtional was onsidered in [7℄. In partiular, onditions were given for
whih the impliation
x ≤ y ⇒ ϕ(f(x)) ≤ ϕ(f(y))(1)
is valid for a positive funtional ϕ on a C∗-algebra A and abelian n-tuples x
and y in A ontained in the domain of a funtion f of n variables.
Consider n-tuples x = (x1, . . . , xn) and y = (y1, . . . , yn) of elements in a
C∗-algebra A and reall that x is said to be abelian if the elements x1, . . . , xn
are mutually ommuting; and we write x ≤ y if xi ≤ yi for i = 1, . . . , n. We
say that x is in the domain of a real ontinuous funtion f of n variables
dened on a ube I = I1 × · · · × In where eah Ii is an interval and xi is
self-adjoint, if the spetrum σ(xi) of xi is ontained in Ii for i = 1, . . . , n. In
this situation f(x) is naturally dened as an element in A.
∗
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It is proved in [7℄ that (1) holds, if f is ontinuous, onvex and separately
inreasing, and the elements x1, . . . , xn are ontained in the entralizer
Aϕ = {y ∈ A | ϕ(xy) = ϕ(yx) ∀x ∈ A}.
Likewise (1) holds, if f is ontinuous, onave and separately inreas-
ing, and the elements y1, . . . , yn are ontained in the entralizer Aϕ. Finally
(1) holds, if f is just ontinuous and separately inreasing, the elements
x1, . . . , xn and y1, . . . , yn are ontained in the entralizer Aϕ, and x and y are
ompatible in the sense that the ommutators satisfy
[xi, yj] = [xj , yi] i, j = 1, . . . , n.(2)
However, this last ondition is very restritive. It is equivalent to the demand
that the line through x and y (or indeed just the midpoint) onsists of abelian
n-tuples.
It is the aim of the present artile to remove the ompatibility ondition
(2) and prove that (1) holds for a large lass of separately inreasing funtions
f and elements x1, . . . , xn and y1, . . . , yn in the entralizer Aϕ. In partiular,
we prove the impliation
(x1, . . . , xn) ≤ (y1, . . . , yn) ⇒ τ(x1 · · ·xn) ≤ τ(y1 · · · yn)
for a trae τ on a C∗-algebra A and abelian n-tuples x = (x1, . . . , xn) and
y = (y1, . . . , yn) of positive elements in A.
In setion 3 we onsider funtionals whih are given as the expetation
value of a unit vetor in a Hilbert spae, and derive what we term Jensen's
inequality for expetation values.
In setion 4 we nally prove some related results for matrix funtions of
several variables, but with respet to the weak majorization for matries.
2 Inequalities under a positive funtional
Let C be a separable abelian C∗-subalgebra of a C∗-algebra A, and let ϕ be a
positive funtional on A suh that C is ontained in the entralizer Aϕ. The
subalgebra is of the form C = C0(S) for some loally ompat metri spae
S, and by the Riesz representation theorem there is a nite Radon measure
µϕ on S suh that
ϕ(y) =
∫
S
y(s) dµϕ(s) y ∈ C = C0(S).
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For eah positive element x in the multiplier algebra M(A) we have
0 ≤ ϕ(xy) = ϕ(y1/2xy1/2) ≤ ‖x‖ϕ(y) y ∈ C+.
The funtional y → ϕ(xy) on C onsequently denes a Radon measure on
S whih is dominated by a multiple of µϕ, and it is therefore given by a
unique element Φ(x) in L∞(S, µϕ). By linearization this denes a onditional
expetation
1
of the multiplier algebra
Φ: M(A)→ L∞(S, µϕ)(3)
suh that ∫
S
z(s)Φ(x)(s) dµϕ(s) = ϕ(zx) z ∈ C, x ∈M(A).
In partiular, Φ(z)(s) = z(s) almost everywhere in S for eah z ∈ C, f.
[10, 6, 7℄.
The following result is, although not expliitly stated, essentially proved
in [7℄ and follows by inspetion of the proof of Theorem 4.1 in the referene.
Theorem 2.1. Let f : I → R be a ontinuous funtion dened on a ube
I = I1×· · ·×In and let x = (x1, . . . , xn) be an abelian n-tuple in A ontained
in the domain of f. If f is onave then
Φ(f(x)) ≤ f(Φ(x1), . . . ,Φ(xn))
almost everywhere, where Φ: M(A)→ L∞(S, µϕ) is the onditional expeta-
tion in (3).
If in addition y = (y1, . . . , yn) is an n-tuple in C ontained in the domain
of f, and f is also separately inreasing, then x ≤ y implies
Φ(f(x)) ≤ f(Φ(x1), . . . ,Φ(xn)) ≤ f(Φ(y1), . . . ,Φ(yn)) = f(y)(4)
almost everywhere, and onsequently
ϕ(f(x)) = ϕ(Φ(f(x)) ≤ ϕ(f(y)).
The monotoniity under ϕ is thus a trivial onsequene of the assertion
proved in equation (4), and it therefore omes as no surprise that we an
nd examples where (4) is violated, but we still have monotoniity under ϕ.
1
This is a slight abuse of language sine the range is not a subalgebra of M(A), but Φ
is positive, linear and Φ(xy) = Φ(x)y for x ∈M(A) and y ∈ C.
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Example 2.2. Let A = M2 be the C∗-algebra of 2× 2 matries, and let C be
the abelian subalgebra of the diagonal matries. We onsider the matries
x =
(
c c
c c
)
and y =
(
t 0
0 λt
)
0 < c < t
and notie that 0 ≤ x < y for λ > c(t − c)−1. We hoose the ordinary trae
as the positive funtional and obtain
Φ(x2) =
(
2c2 0
0 2c2
)
6≤
(
t2 0
0 λ2t2
)
= y2 for t < c
√
2,
while as expeted Tr x2 = 4c2 < t2(1 + c2(t− c)−2) ≤ t2(1 + λ2) = Tr y2.
The theory of operator means [9℄ provides us with a key tool to obtain
the impliation in (1) for funtions whih are neither onvex nor onave,
provided we assume that all of the elements x1, . . . , xn and y1, . . . , yn are
ontained in the entralizer Aϕ.
Theorem 2.3. Let ϕ be a positive funtional on a C∗-algebra A, and let
x = (x1, . . . , xn) and y = (y1, . . . , yn) be abelian n-tuples of elements in the
entralizer Aϕ. If 0 ≤ xi ≤ yi for i = 1, . . . , n then
ϕ(xp11 · · ·xpnn ) ≤ ϕ(yp11 · · · ypnn )
for arbitrary non-negative exponents p1, . . . , pn.
Proof. The geometri mean x#y is dened for positive invertible elements
x, y ∈ A by setting
x#y = x1/2(x−1/2yx−1/2)1/2x1/2
and sine
x1/2(x−1/2yx−1/2)1/2x1/2 =
1
2pi
∫
∞
0
2(x−1 + λy−1)−1λ−1/2 dλ,
it follows that x#y is inreasing in eah variable. In fat, it an be extended
to positive elements x, y ≥ 0 in A and beomes a onave and separately
inreasing funtion of the pair (x, y), f. [9℄. Sine x1 and x2 ommute we
therefore obtain
x
1/2
1 x
1/2
2 = x1#x2 ≤ y1#y2 = y1/21 y1/22 .
We rst note that x
1/2
3 ≤ y1/23 by the Löwner-Heinz inequality. Furthermore,
x
1/2
3 ommutes with x
1/2
1 x
1/2
2 (with the same statement for the y's). We
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may therefore apply the above proedure one more to the abelian pairs
(x
1/2
1 x
1/2
2 , x
1/2
3 ) and (y
1/2
1 y
1/2
2 , y
1/2
3 ) to get
x
1/4
1 x
1/4
2 x
1/4
3 ≤ y1/41 y1/42 y1/43
and by indution we nally obtain
x
1/2n−1
1 · · ·x1/2
n−1
n ≤ y1/2
n−1
1 · · · y1/2
n−1
1 .
For any ontinuous and inreasing funtion f dened on the positive half-axis
we have
0 ≤ x ≤ y ⇒ ϕ(f(x)) ≤ ϕ(f(y))
for elements x and y in the entralizer Aϕ, f. [7, Theorem 4.2℄ (note that the
ompatibility ondition in the referene is void for funtions of one variable);
f. also [8, 5, 3℄. Setting f(t) = t2
n−1
·N
we therefore obtain
ϕ(xN1 · · ·xNn ) ≤ ϕ(yN1 · · · yNn )
for arbitrary N > 0. Possibly by rst applying Löwner-Heinz inequality for
eah entry we thus have
ϕ(xα1N1 · · ·xαnNn ) ≤ ϕ(yα1N1 · · · yαnNn )
for α1, . . . , αn ∈ [0, 1] and N > 0, and sine any set of positive exponents
(p1, . . . , pn) an be written in this form the assertion follows. QED
3 Jensen's inequality for expetation values
Reall that a ontinuous eld t→ at of operators on a Hilbert spaeH dened
on a loally ompat Hausdor spae T equipped with a Radon measure ν
is said to be a unital olumn eld if∫
T
a∗tat dν(t) = 1,
f. [6℄.
Theorem 3.1. Let f : I → R be a ontinuous onvex funtion of n variables
dened on a ube, and let t→ at ∈ B(H) be a unital olumn eld on a loally
ompat Hausdor spae T with a Radon measure ν. If t→ xt is a bounded
ontinuous eld on T of abelian n-tuples of operators on H in the domain of
f, then
f
(
(y1ξ | ξ), . . . , (ynξ | ξ)
) ≤
(∫
T
a∗t f(xt)at dν(t)ξ | ξ
)
(5)
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for any unit vetor ξ ∈ H, where the n-tuple y is dened by setting
y = (y1, . . . , yn) =
∫
T
a∗txtat dν(t).
Proof. Set xt = (x1t, . . . , xnt) for t ∈ T and onsider the spetral resolutions
xit =
∫
λ dEit(λ) i = 1, . . . , n; t ∈ T.
There is to eah unit vetor ξ ∈ H a positive measure µξ on I suh that
µξ(S1 × · · · × Sn) =
∫
T
(E1t(S1) · · ·Ent(Sn)atξ | atξ) dν(t)
for Borel sets S1 ⊆ I1, . . . , Sn ⊆ In and sine the olumn eld t → at is
unital, we obtain that µξ is a probability measure. It satises
∫
T
(
g(xt)atξ | atξ
)
dν(t) =
∫
I
g(s) dµξ(s) s = (s1, . . . , sn)
for any ontinuous funtion g : I → R. In partiular (putting gi(s) = si) we
obtain ∫
T
(
xitatξ | atξ
)
dν(t) =
∫
I
si dµξ(s) i = 1, . . . , n.
We thus obtain
f
(
(y1ξ | ξ), . . . , (ynξ | ξ)
)
= f
((∫
T
a∗tx1tat dν(t)ξ | ξ
)
, . . . ,
(∫
T
a∗txntat dν(t)ξ | ξ
))
= f
(∫
T
(x1tatξ | atξ) dν(t), . . . ,
∫
T
(xntatξ | atξ) dν(t)
)
= f
(∫
I
s1 dµξ(s), . . . ,
∫
I
sn dµξ(s)
)
≤
∫
I
f(s1, . . . , sn) dµξ(s) =
∫
T
(
f(xt)atξ | atξ
)
dν(t)
=
(∫
T
a∗t f(xt)at dν(t)ξ | ξ
)
,
where we used spetral theory and the onvexity of f. QED
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Remark 3.2. If we hoose ν as a probability measure on T, then the trivial
eld at = 1 for t ∈ T is unital and (5) takes the form
f
((∫
T
x1t dν(t)ξ | ξ
)
, . . . ,
(∫
T
xnt dν(t)ξ | ξ
))
≤
(∫
T
f(xt) dν(t)ξ | ξ
)
for elds of abelian n-tuples xt = (x1t, . . . , xnt) and unit vetors ξ. By hoos-
ing ν as an atomi measure with one atom we get a version
f
(
(x1ξ | ξ) , . . . , (xnξ | ξ)
) ≤ (f(x)ξ | ξ)(6)
of the Jensen inequality by Mond and Pe£ari¢ [12℄.
One may generalize Theorem 3.1 by using the notions and methods de-
veloped in the proof of [7, Theorem 3.1℄ to obtain the following result.
Theorem 3.3. Let C be a separable abelian C∗-subalgebra of a C∗-algebra A,
let ϕ be a positive funtional on A suh that C is ontained in the entralizer
Aϕ and let
Φ: M(A)→ L∞(S, µϕ)
be the onditional expetation dened in (3). Let furthermore f : I → R
be a ontinuous onvex funtion of n variables dened on a ube, and let
t→ at ∈M(A) be a unital olumn eld on a loally ompat Hausdor spae
T with a Radon measure ν. If t → xt is a bounded, weak* measurable eld
on T of abelian n-tuples in A in the domain of f, then
f(Φ(y1), . . . ,Φ(yn)) ≤ Φ
(∫
T
a∗t f(xt)at dν(t)
)
almost everywhere, where the n-tuple y in M(A) is dened by setting
y = (y1, . . . , yn) =
∫
T
a∗txtat dν(t).
Note that Theorem 3.1 follows from the preeding theorem by hoosing
ϕ as the trae and letting C be the C∗-algebra generated by the orthogonal
projetion on the vetor ξ.
4 Weak majorization for matries
We onsider a Hilbert spae H of nite dimension m and introdue for any
self-adjoint operator x ∈ B(H) the m-tuple (x[1], . . . , x[m]) of eigenvalues of x
ounted with multipliity and ordered in a dereasing sequene. The notion
of weak majorization for matries was onsidered by Ando [1℄ and Bhatia [4℄.
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Denition 4.1. Let x and y be self-adjoint operators on a Hilbert spae H
of nite dimension m. We say that x is weakly majorized by y, and we write
x ≺
w
y if
k∑
i=1
x[i] ≤
k∑
i=1
y[i]
for k = 1, . . . , m.
The following result is known as Ky Fan's maximum priniple, f. Bhatia
[4, p. 35℄.
Lemma 4.2. Let x be a self-adjoint operator on a Hilbert spae H of nite
dimension m, and take a natural number k ≤ m. Then
k∑
i=1
(xui | ui) ≤
k∑
i=1
x[i]
for any orthonormal set (u1, . . . , uk) of vetors in H.
Theorem 4.3. Let f : I → R be a onvex funtion of n variables dened on
a ube, let H be a Hilbert spae of nite dimension and let t→ at ∈ B(H) be
a unital olumn eld on a loally ompat Hausdor spae T with a Radon
measure ν. If t → xt is a bounded ontinuous eld on T of abelian n-tuples
of operators on H in the domain of f, then the inequality
f
(∫
T
a∗txtat dν(t)
)
≺
w
∫
T
a∗t f(xt)at dν(t)
is valid provided
y = (y1, . . . , yn) =
∫
T
a∗txtat dν(t)
is an abelian n-tuple.
Note that the assumption of y being an abelian n-tuple is void for fun-
tions of one variable.
Proof. For m = dimH we hoose an orthonormal m-tuple (u1, . . . , um) of
ommon eigenvetors for the ommuting matries y1, . . . , yn in suh a way
that the orresponding eigenvalues of f(y) are ordered in a dereasing se-
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quene. We then obtain
k∑
i=1
f
(∫
T
a∗txtat dν(t)
)
[i]
=
k∑
i=1
f(y)[i] =
k∑
i=1
(
f(y)ui | ui
)
=
k∑
i=1
f
(
(y1ui | ui), . . . , (ynui | ui)
)
≤
k∑
i=1
(∫
T
a∗tf(xt)at dν(t)ui | ui
)
≤
k∑
i=1
(∫
T
a∗tf(xt)at dν(t)
)
[i]
k = 1, . . . , m,
where we used spetral theory, Jensen's inequality for expetation values (5)
and Lemma 4.2. QED
Remark 4.4. If we hoose a probability measure ν and the trivial eld at = 1
we obtain the inequality
f
(∫
T
xt dν(t)
)
≺
w
∫
T
f(xt) dν(t),
provided the integral
∫
T
xt dν(t) is an abelian n-tuple.
The following result is a generalization to funtions of several variables of
a theorem by Aujla and Silva [2, Theorem 2.3℄ for funtions of one variable.
Corollary 4.5. Let f : I → R be a onvex funtion of n variables dened
on a ube I, and let H be a Hilbert spae of nite dimension. Then
f(λx+ (1− λ)y) ≺
w
λf(x) + (1− λ)f(y) λ ∈ [0, 1]
for ompatible n-tuples x and y of operators on H in the domain of f.
Proof. Sine x and y are ompatible, the line through x and y onsists of
abelian n-tuples. The result therefore follows from the preeding remark by
hoosing a suitable atomi probability measure ν. QED
Theorem 4.6. Let f : I → R be a onvex and separately inreasing funtion
of n variables, and let H be a Hilbert spae of nite dimension. Then
x ≤ y ⇒ f(x) ≺
w
f(y)
for abelian n-tuples x = (x1, . . . , xn) and y = (y1, . . . , yn) of operators on H
in the domain of f.
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Proof. For m = dimH we hoose an orthonormal m-tuple (u1, . . . , um) of
ommon eigenvetors for the ommuting matries x1, . . . , xn in suh a way
that the orresponding eigenvalues for f(x) are ordered in a dereasing se-
quene. We then obtain
k∑
i=1
f(x)[i] =
k∑
i=1
(
f(x)ui | ui
)
=
k∑
i=1
f
(
(x1ui | ui), . . . , (xnui | ui)
)
≤
k∑
i=1
f
(
(y1ui | ui), . . . , (ynui | ui)
) ≤
k∑
i=1
(
f(y)ui | ui
)
≤
k∑
i=1
f(y)[i] k = 1, . . . , m,
where we used spetral theory, the monotoniity and onvexity of f, the
inequality in (6) and Lemma 4.2 respetively. QED
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